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AN ISOPERIMETRIC PROBLEM WITH COULOMB REPULSION AND ATTRACTION TO A 

BACKGROUND NUCLEUS 

JIANFENG LU AND FELIX OTTO 


Abstract. We study an isoperimetric problem the energy ofwhich contains the perimeter of a set, 
Coulomb repulsion of the set with itself, and attraction of the set to a background nucleus as a point 
charge with charge Z. For the variational problem with constrained volume V, our main result is 
that the minimizer does not exist if V^ — Z is larger than a constant multiple of max(Z^^^, l). The 
main technical ingredients of our proof are a uniform density lemma and electrostatic screening 
arguments. 


In this work, we study an energy functional for three-dimensional sets O c given by 

(1) Ez(n) IdQI-t i /T ^ dxdy- f ^ 

2JJnxn\x-y\ Jn\x\ 

where |dQ| is the perimeter of the set Cl and Z > 0 is given. Our main result is the following 
theorem. 

Theorem 1. There exists a universal constant M such that the variational problem 

(2) Ez(V) = inf Ez(n) 

ini=v 

does not have a minimizer if V > Z-i-Mmax(Z^^^, 1). 

On the other hand, when the volume of the set is small, the minimizer of the variational prob¬ 
lem exists and is given by a ball centered at the origin. 

Theorem 2. There exists a universal constant m such that for any V < Z+m, the unique minimizer 
of the variational problem 

EziV) = inf Ez(0) 
ini=v 

for Z > 0 is given by Cl- 

The study of the variational problem 0 is a natural extension of our previous work (see 
also the study by Kniipfer and Muratov in pTlfTs) and a recent work by Frank and Lieb in [^), in 
particular, Theorem[2is an extension of the nonexistence result when Z = 0 Theorem 2]. It 
turns out that our proof of the extension, presented in Section[2 requires several new ideas. One 
of the essential ideas of our current proof is to explore the fact that if O has a large volume, far 
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away from the nucleus, the nucleus charge should be (electrically) screened, and hence we are 
back to the situation without a background potential. To make this idea work, we need to analyze 
the electrostatic part of the problem and to use the following density lemma. 

Lemma 1 (Density Lemma). LetD. be a minimizer of (2) of prescribed volume V. Then for all x 
such thatxe Q in the measure-theoretic sense, namely 

(3) |OnBr(x)l>0, Vr>0, 
and such that it holds 

f ^ dz-^>0, VyeBi(x), 

Jn-Bi{x]\y-z\ \y\ 

we have 

(4) innBi(x)i>d, 
where 6 >0 is a universal constant. 


Roughly speaking, the lemma states that the minimizing set cannot be too “thin” where the 
Coulomb potential generated by the nuclear charge is screened. We emphasize that the constant 
6 in the above density lemma is a universal constant, in particular, it does not depend on the 
gradient of the Coulomb potential generated by D which is potentially large in the ball. 

The proof of Lemma is similar in spirit to that of the density lemma Lemma 4] in our 
previous work. However, the previous argument does not apply as competitors are constructed 
by deforming the set by a global dilation, which might tremendously increase the energy in the 
current case and hence is not useful. We thus have to turn to more delicate arguments that utilize 
local deformations of the set. The details are given in Section]^ 

The version of Theorem|^when Z -0 was proved in and later extended to various settings 
by (4|[^ [TT|[I^ (see also related works in |T|[5|[^ [lO|[^|^ ). Theorem|^extends this type of results 
in the presence of an external potential. Our proof is close to the idea in which uses a version 
of a quantitative isoperimetric inequality that measures the deficit of a set from a ball by the 
Coulomb potential. The proof is given in Section]^ 


From the point of view of physics, Theorem[^is related to the ionization conjecture in quan¬ 
tum mechanics, which states that the number of electrons that can be bound to an atomic nu¬ 
cleus of charge Z cannot exceed Z -i-1. Theorem gives an upper bound of the volume of the 
set for the nucleus of charge Z in the nonlocal isoperimetric model. The ionization conjecture, 
while still open for the Schrodinger equation, has been studied by many authors for different 
types of models in quantum mechanics (see e.g. |^[3l|7| [T4|[T5][l9H^ ). Our study is motivated by 
this question, as the model 0 can be understood as a “sharp interface version” of the Thomas- 
Fermi-Dirac-von Weiszacker (TFDW) model, a mean field type approximation of the many-body 
Schrodinger equation. See 16 for more remarks on the connection of the nonlocal isoperimetric 
model to the TFDW model. 
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Notation. For r > 0, we denote by Br[x) the ball with center x and radius r, and Br if the 
center is the origin. For 0 < ri < r 2 , we denote M the annulus with center x, inner radius ri 
and outer radius rz. Similarly ^ri,r 2 if the center is the origin. C and c denote generic constants 
(in particular, independent of Z and V] whose value may change from line to line. Moreover, to 
avoid specifying unnecessary constants, we will use the notation x<y which stands for x< Cy 
for some universal constant C. We write x ~ y if both x < y and x > y hold. Finally, we use the 
notation x « y to denote that y > Cx for a sufficiently large constant C. 

1. Proof OF Theorem[T] 

In this section we prove Theorem[^assuming the Density Lemmaj^ The proof of the latter is 
given in Section]^ We will assume Z > 0, as the case Z = 0 is treated in our previous work [T^ . 
In fact, to ease the presentation, we will assume that Z is sufficiently large, which is the most 
interesting scenario for Theorem[^ We will also make the standing assumption that 1^- Z » Z^^^ 
since otherwise there is nothing to prove. 

1.1. Electrostatic energy. The first step is to consider the electrostatic part of the energy 

(5) Ees(D) - ff -dxdy- f —dx. 

2jjnxn|x-y| Jn |x| 

We define a radius i?z > 0 such that \Br^ \ = Z, i.e., Rz- (Z/|fli|)^^^. LetEgsiZ) be the electrostatic 
energy of Br^: 

(6) EesiZ) = - ff -dxdy- f —dx. 

Ix-yl |x| 

To simplify notation, in the sequel, we denote jz := XBh the characteristic function of the ball 

For the electrostatic problem, it is natural to introduce 
Definition 2. The Coulomb norm of / is given by 

The non-negativeness of the norm is obvious from the Fourier representation. The Fourier 
representation also yields the duality with the homogeneous Sobolev space 

( 7 ) 

The next proposition states that the ball Br^ minimizes the electrostatic part of the energy. 
Proposition 3. Provided V > Z, we have 


(8) 


inf Ees(0)= inf Ees(O) = 
in|=v |n|=z 
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Proof. For any Q c IR^ with finite volume, 

E„IO, - = 1 ff ^ r 

2JJ \x-y\ J \x\ 

^ 1 JJ ixnM - xz[x)](xn(y) - Xz[y)] 

= ^\\xn-Xzfc + Jixn(x)-Xz(x)}u(x)dx 

^ JiXn(x)-xz(x)}u(x) dx, 

where we have introduced u(x) defined as 

_ f Xz(y) Z _ (2:?rf?| + (|Bil-27r)|x|2-|f|, |x|<Jfz; 

J |x-y| |x| ^0, |x|>Jfz. 

Therefore, we have 

Ees(n)-EesiBfl^) > / (xn(x)-xzW)M(x)dx>0 

JBrz 

as both xn “ Xz u are non-positive inside Br^. This implies for any F > 0, 

inf Ees(n) >-Bes(Z), 

in|=v 

and hence 

inf Ees(O) = EgsiZ). 

ini=z 

To get the first equality in (8), notice that for V> Z, we have 

inf Ees(O) < inf EesCO) 

in|=v |n|=z 

as we can break the excess volume [V - Z] into tiny balls and place them far away from each 
other and from the origin, such that the Coulomb interaction between them is made arbitrarily 
small. □ 

Going back to the full energy, we note an easy upper bound for the minimum energy of the 
variational problem . 

Lemma 4. ForEziV) given as the inflmum of the variational problem j^, we have for 0< F' < F 
(10) Ez{V)<Ez[V') + Eo{V-V'), 

where Eq denotes Ez for Z - 0. Furthermore, for Eq, we have 


(11) 


Eo[V)<V^'^ + V. 
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Proof. The proof of Qo) follows a similar argument of Lemma 3(i)] in our previous work. As- 
sumingOi and 02 are bounded sets that approximately minimize i?z( and £ 0 ( 1 ^“ V) respec¬ 
tively, the inequality is obtained by considering a test set for EziV) that consists of Qi U (^2 + d) 
with a large shift vector d. We refer the readers to the proof of Lemma 3(i)] for details. 

For V « 1, the estimate (TT) follows by taking a ball with volume V as the test set. For ’F > 1, 
the estimate follows from the suh-additivity by taking Z = 0 in fTol . □ 

Using Lemma|^ we now prove 

Lemma 5. We have 

(12) Ez{V)-Ees{Z]<V-Z. 

Proof. By taking V' = Z in (To) , we get 

Ez{V]-Ez[Z]<Eo{V-Z)<V-Z, 

where the last inequality follows from (TT) and the assumption that U - Z » Z^^^ > 1. Observing 
that 

EziZ) < Ez(Bbz) = Ees(Z] + \dBR^\, 

we arrive at the conclusion since | dBj{^ | ~ Z^^^ « U - Z. □ 

With the above a priori bound for the energy, we are now ready to state and prove the main 
estimate of this subsection. The estimate states that the minimizer is “close” to the ball Br^ near 
the origin. More precisely, we have 

Proposition 6. Let Elbe a minimizer of . Then 

(13) \BR^-D.\<{y-Z)^'^Z^'^, 
and also 

(14) 

Note that by definition \Br^\ = Z, so if V is not too large, (TT) states that the minimizing set El 
almost fills the ball Br^ (the difference is of lower order) and (TT) states that the minimizing set 
El has a small volume in the annulus Ar^^2Rz ■ 

Proof. Without loss of generality, we assume that Z >\Bi \ such that Rz> i. Let y/he the function 

1, |x|<£z-l; 


y/{x] = < 


Rz-\x\, Rz - I < \x\ < Rz', 
0, |x| > Rz. 
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We estimate 


\BR^-n\ 


-I 


ixz - In) 


(15) 


iXz-Xn)V+l (lz-ln)(l-i/') 

JBrz •^Brz 

: \\xz-XnWc^z + Rz- 


To control \\xz ~ In || c recall the calculation 

Ees (O) - Ees (.Z) = Ees (11) - Egs(Bij^) = ^ || In “ Iz || c + J (In - Iz) «■ 

As shown in the proof of Proposition]^ the second term on the right hand side is non-negative, 
and hence 


(16) II In -izllc ^ 2(Ees(0) - Ees(Z)] < 2(Ez[n)-Ees(Z)) <v-z, 

where we have used Lemmaj^in the last inequality. 

Using the hound (l^ in (l^, we arrive at (recall that U - Z » Z^^^) 

IBrz - ni < (V- < (V- 


The proof of (14) is similar. We replace i// hy 


Then, 


(p{x) ■■ 


1, |x|<2i?z-i; 

2Rz-\x\, 2Rz-\<\x\<2Rz-, 
0, |x|>2i?z. 


\D.nBzRz\ < I in(p 




= J (ln-Iz)<P + J Xz(P 


1 


'/An 


||lz-In lie 


(/|V<p|2) 


1/2 


-tZ 


- C’||lz-In||c-Rz + 2- 


The estimate (H follows. 


□ 


1.2. Charge screening. The central idea of our proof is to screen the background nucleus charge, 
so that we may use the argument for the case without the nucleus from [^. We set the effective 
nucleus charge as 

Zeff=(U-Z)l'2zl/3. 

Note that if U - Z ~ Z^^^, we have Zeff ~ Z^^^. By (T^, we have 


( 17 ) 


Z - |0 n Brz I - \Brz - Q1 < coZeff, 
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where cq is a universal constant. Note that by Newton’s theorem, outside the radius Rz, the nu¬ 
cleus charge is screened by the amount of positive charge in Br^ , which is given by | Q n Br^ \. 

We will establish the following estimate of the volume of a minimizer Q, which justifies the 
terminology of effective nucleus charge. 

Proposition 7. Let O be a minimizer of of volume V, then 

(18) y-z<Zeff. 

Note that Theoremj^is an easy corollary of Proposition]^ By (Ts) and the definition of Zeff, we 
have 

V-Z< 

thus indeed V-Z< Z^^^. It suffices to prove Proposition]^ Note that we have V - Z » Zeff since 
it is assumed (for proof by contradiction) that V - Z » Z^^^. 

We start the proof of Proposition]^by showing that the nucleus charge is completely screened 
far away from the origin. However, Lemma]^ below is qualitative in the sense that it yields no 
control on the radius R starting from which we have complete screening. In view of Lemma]^ we 
strengthen this complete screening in terms of the modified potential cpx that ignores the effect 
of the nearby charges: For y e [x] 

r 1 Z 

(px(y)= - - -dz-—. 

Jn-BiM \y-z\ lyl 

Hence (px is the electric potential generated by the nucleus and the set O outside the ball Bi (x). 


Lemma 8. There exists a radius R > 2Rz such that 

(l)x\Biix)>Oif\x\>R, and |OnBi;| -Z< Zeff. 
Proof. We take a radius R such that 


[Q n 2 ^ r ^ r \ — 8CoZeff, 

where cq is the universal constant in (17). Note that if for all R < oo, |0 n < 6coZeff, we 

would have 

y - Z < |0 - Br^ I < 6CoZeff, 

which contradicts with the assumption V - Z » Zeff. Set R = max(ii, 2Rz)', this choice of R guar¬ 
antees that R > 2Rz. By (H in Proposition]^and the choice of R, we have 

(19) 6CoZeff< 

Together with (T^ , this implies |Q n 5^1 - Z = \Br^ - HI -i- |0 n Ar^^r\ < Zeff. Thus, it remains to 
verify that <Px\bi{x) > 0 if [xj > it. Let us start with an elementary estimate for y ^ Br^ 


( 20 ) 


I 


dz- —= 

nnBRx\y-^\ lyl 


L 


1 


nnBitx ly-^l 


■ dz- 


L 


1 


brx iy-2i 


■ dz 


1 


^^0 -^eff 
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Hence, we have the estimate 




i 

€ 


— dz- — 

n-BiMly-zl lyl 

■ dz- 




1 


nnBR^\y-z\ \y\l Jnn{AR^,R-Bi{x)]\y-z\ 


■ dz 


CpZeff |nnAj;^,j;|-|On£i(x)| 

\y\-Rz~'' \y\ + R 

1^1 ^O-^eff hCo^eff~l^ll 
\y\-Rz~^ lyl + i? 


Therefore, as Zeff» |iJi|, we have (pxlBiM > 0 provided that 


5(ly|-i^z)>lyl + f^ 


for lyl > |x| - ly - xl > i? - 1, which can be easily checked. 


_ _OBi(xi) 


o 


Bi(X4)-' 


o 


^ o\ 

'■ Bi(X3)n 


'O 



Figure 1. Screening the nucleus charge by the set of balls iJi(xi),.. .,iJi(X]v). 
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Because of | Q n B/; | - Z < Zeff and Zeff« y - Z by assumption, there is still substantial charge 
outside of radius R. Of this charge we consider the amount of order Zeff closest to the origin, 
roughly speaking. As (px > 0 in Bi(x) for \x\ > i? hy Lemmaj^ we can now apply the Density 
Lemma[2to see that this excess charge is not too scattered. We will use this to further screen the 
nucleus charge. Let N he the smallest positive integer which satisfies N6 > IScoZeff, where 6 is 
the universal constant in j^. We take a sequence of points {Xf, ■ ■ ■, x^vl in Q recursively defined 
as follows (see Figure[^: 

Xf = argmin{|x| | |xl > B, x e O in the sense of l|^ }, 


and for k< N, after xj is chosen for j < k-1, we take 

xj; = argmin{|x| | |x| > R, min |x- Xj| > 2, x e Q in the sense of }. 
j<k—l 

Since ID - Bfel = - |0 n » Zeff » 1 from Lemma[^ such a sequence {Xjtl can be selected. 

Also by Lemma[^ for each x^, (px,^ > 0 in Bf {xjc). Using Lemma[^ we obtain 


( 21 ) 

Defining 


N . N 

|nn IJ Bi(xfc) = ^ |Bi(xfc)nQ| >NS> 13coZeff. 

' k=l 


fc=i 


L - max \X]c\ > B, 

I<fc<iV 


we now further refine our screening estimate by using the balls centered at {x^}. 


Lemma 9. We have for all x with |x| > |L 


( 22 ) 


r 1 z 

I -dy-> 0. 

dnn(B 2 ,uUi:Bi(xj,)) \x-y\ \x\ 


The main point of Lemmaj^is that the additional charges concentrated in the balls Ufc ^i (^fc) 
manage to screen the nucleus charge already outside of the radius |L, while we know that there 
are still charges at radius L. This will be used in Lemma[TT| 


Proof For any y e Ufc Hi (^fc)> we have 


|x- y| < |x| + lyl < |x| + max|xj;| + 1< |x| + L+l, 
k 


and hence 


1 I 

|x| + B+l I 

Combining with the inequality j20l (note that |L 
need to show that 


L 


1 


nnUkBiiXk) \x-yl 


dy> 


I I D ^ E] l^CgZeff 

> \Rz > Rz and hence Br^ c Bg^), we just 


13 1 

|x| + L+l \x\-Rz’ 

which is equivalent to 12|x| - L> l3Rz + 1. The lemma follows by observing that 121x| > 8L and 
7L>7R>URz>13Rz+IslsRz~ □ 
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The proof of Proposition relies on the connectedness of the minimizing set O where the 
nucleus charge is screened. In connection with Lemma|^this implies that outside of the radius 
|L and away from the points ]v> any point in D must be connected to the rest of O. 

Lemma 10 (Connectedness). Define the set D. as 

^ w 

Q n- {B 2 r , LJ Bnixk)), 

fc=l 

where 1 < H « is any universal constant (to be fixed later). Then for any xe O and any radius 

r thatO <r < H-\, we have 

nO| > 0. 


Proof Suppose for some x e O and some r 

(23) |dBr(x)nn| =0. 

By comparing the energy of the minimizer Q with the set that consists of Q - (x) and a transla¬ 

tion of Q n Br ix) far away so that the two pieces are well separated, we obtain by minimality 

(24) Ez(n) < Ez(0-B,(x)) -t Eo(QnB,(x)). 

We now show that f2^ cannot be true since the new configuration has the same interfacial 
energy thanks to |23l and strictly less electrostatic energy, as we shall presently argue. Note that 
for y e Br(x), thanks to r < Tf- 1 

|y|> |x|-|y-x|> ^L+ H - r > |L. 


Therefore, 


Br{x)r\B2r^ 0, 

and hence {22) in Lemmaj^holds on Br(x).Also for each k, we have dist(x,Bi(xj;)) > H- I > r, 
and thus 


Br(x)nBi(Xfc) = 0. 


The last two statements combine to 

N 

(25) O-Br(x) 30n (B2 ^u [J Bi(xj;)). 

^ k=l 

Finally, we get 


:(0)-Ez(n-Br(Jc))-Eo(nnBr(J^))= f f : —^dy'dy-f ^dy 

JnnBr{x)Jn-Br{x] ly-y I JnnBrix) lyl 


9f f 

JnnBrix) (Jc 

The contradiction with (24) concludes the proof. 


—-— dy' - — 

nn(B 2 ,uUtBi(x*)) ly-y'l lyl 


dy 


fo. 


□ 


Lemma 11 now shows that because there is a point in Q at distance L (namely xn) and in view 
of the connectedness from Lemma[T^ there is a substantial amount of excess volume outside of 
|L and away from the {Xjt}i;=i,...,iv- 
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Lemma 11. We have /or O defined in Lemma\ic\ 

|o| > iz-z. 

Proof. By definition, 

N N 

3^^" fc=l fc=i 

Since N < lOcZeff/5 + 1 < Zeff, we have 

N 

y|B^(Xfc)|<H3Zeff. 

k=l 

Thus, as by assumption - Z » Zeff and H being a universal constant, the conclusion of the 
lemma follows from 

Since \D.n Br \ - Z < Zeff from Lemma|^ it suffices to consider the case ^L+ H > R and to show 
that 


(26) 




We now claim that by the choice of {x^}, 


(27) 


D.nA 2 

rAl+h 

J k=l 


N 

c U BziXk). 


Indeed, if there exists xe A 2 such that x e D in the sense of and x ^[JkBziXk), we have 

R,'^L+H 


\x- X]c\ > 2 and also 


i? < |x| <-L+H < L = max Ixjtl- 
3 i<fc<iv 


thanks to ^L> ^R> Rz ~ » H. Therefore |x| < |xfc| for some k, which violates the definition 

of Xjc- j26l now follows from j27l , since N < Zeff. □ 

We now use once more the connectedness to argue that the electrostatic energy coming from 


the charge outside of and away from the {xj;}’s is substantial. 


Lemma 12. We have for the Coulomb energy of the set Q defined in Lemma 
(28) ‘ ^ 
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'dl 


2 JnJn-(B 2 ,uUfcBiUi:)) \x-yl 


dydx> |0|lnTf> (l^-Z)ln//. 


Proof By Lemma[^ it suffices to show that for any x e Q 

If 

2Jc 


2 Jn-(B 2 ,uUj:BiUfc)) |x-y| 


dy >ln H. 


We take the largest integer M such that 


(29) 


2M< H-2. 
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By LemmaflOl there exist points yi, y 2 , • • •, Ym such that for i = 1, • • •, M 
Yi E dB 2 i (x) and y,- e Q in the sense of . 

Indeed, we have for the inner trace x‘ of the characteristic function x of Q that x' > 0. 
Take an -Lehesgue point y; of x‘ with x‘ (Yi) - 1- Such a choice satisfies the conditions. 

See Figure|^for an illustration. 



Figure 2. A point x e O and the sequence of points {yi,..., ym ] as in the proof 
of LemmafT^ 

We note that for fixed i - 1,..., M we have 

|yd>|x|-|y;-x|> |L + /F-2M*i' |Z,+ 1, 

and hence 

Bi(y/)nB2^ = 0, 


(30) 
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so that (22) in Lemmaj^holds on Bi (y/). Moreover, because of 

ly,' - Xfcl > |x - Xfcl - \yi-x\> H-2M^2 

for any k- 1,..., TV we have 


N 


5i(y,)n 

k=l 


Combined with (^, this gives 


(31) 


N 


Bi(y,)n(B2^u [jBi{xt)] = 0. 


k=l 


Therefore, (22) yields in particular 

ii-BPy,-) ly'-yl"-' ly'l 
Hence we may apply Lemma[^to get 

(32) |Bi(y;)nn|>l. 


^ dy--^>0 for y'eBiiyi). 


Finally, by construction, {B^ (yi)}/=i,...,M are pairwise disjoint so that for our fixed x e Q 

ir ^ 

2 Jn-(B 2 ,uUfcBiU*:)) \x-y\ 2 |Jt-yl 

( 32 l M I 


■dy 




-InM. 


We conclude by returning to the choice of M. 


□ 


We are now ready to prove Proposition]^ 

Proof of Proposition^ Suppose H is a minimizer with H - Z » Zgff. First note that 

C^L+H 

\dBrnQ.\dr^\nnA 2 9. „|<|OnA 2 , l^lClnBz^ \-\nnBR^\<Zes, 

where in the last inequality, we have used (26) and (Tt) . Therefore, there exists a ro e [|L, |L + H] 
such that 

rjl+H I 

(33) IdBro nni < j- 2 ^ IdBrnOldr < —Zeft< Zeff. 

Let us consider the comparison set Q = O n (Bro U UEj Bi (xj;)). We have an upper bound for 
the energy of the set PI (as in Lernma]^ : 

Ez(n) - Ez(0) < Eoiin - oi) < in - ni +1. 

Using Proposition]^ we have 

\n-n\<\n-BR^\ = \n\-\BR^\ + \BR^-n\<v-z+cZgs<v-z. 






14 


JIANFENG LU AND FELIX OTTO 


The last two estimates combine to, as - Z » 1, 

(34) Ez(n)-Ez(Q)<y-Z. 

On the other hand, 

Ez(0) - Ez(0) > -|d(B,-o u UfcBi(xfc)) n n| 

+ 


(35) 


f dxl f -^—dy- 
Jn-n lJn|Jc-yl 


2 Jn-: 


- f f dxdy 

2 Jn-nJn-n \x- y\ 


N 


> -IdBronOI- Y,\^Bi{Xk]\ 


k=\ 


f dx f -^—dy- — 

Jn-n I Jnn(B 2 ^uUfcBiUj:)) \x-y\ \x\ 

/ -/- 


n-iB2,uUkBi{xi,)] \x 


1 1 r r 1 

-dydx+- / / -dxdv 

-yl 2 Jn-nJn-n\x-y\ 


> -CZeff + 


/ -4l- 


1 Z 

---1 . - dy - 

n-n 1 Jnn(B 2 ,uUj:Bi(j:(:)) U-yl \x\ 


-I- 


1 


2Jn-nJn-(B2,uUicBi(Xk)) \x-y\ 


Iff 1 

dvdx+- / / -dxdv, 

2 Jn-n Jn-n \x-y\ 


where we have used and that N < Zeff to obtain the last inequality. To further estimate the 
right hand side, we observe that since ro > IL 


n 


n(B2^u UBi(xfc)j = (nnBro)n(B2^u UBi(xfc)j = On (b2^u \JBi{xjc)^, 


and also 


0 - 0 = 0 - 


(Br,u[jBi[Xk))<^{B2_y. 


Therefore, using Lemmaj^ the second term on the right hand side of (35) is non-negative. Thus, 
we obtain 

U -/ 

2 Jn-nJn- 


Ez(Ei) - Ez(0) > -CZeff-i- - 


2Jn-nJn-{B2,uUkBi{Xk]] \x-y\ 


dydx. 


where the last two terms on the right hand side of (35) have been combined. Since ro < ^L+ H, 
we have 0c0-0 = 0- (fJ,o U Ufc ^i(^jt))i and hence 


Ez(EJ) - Ez( 0 ) > -CZeff-i- - 


I-1 


1 (281 1 


dy dx ^ - CZeff-t - (f^ - Z) In H. 

n-(B 2 ,UUj:BlU*)) l^-yl C 

3^ 


Combining with the upper bound (^ , we obtain 

i(V-Z)ln//-CZeff<y-Z, 

or equivalently, as Zeff« (l^-Z), (V^-Z)lnH< V -Z. Hence, we get a contradiction by choosing 
H sufficiently large. This concludes the proof. □ 
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2. Proof of the Density Lemma[T] 

We now prove the Density Lemma[^ and so complete the proof of Theorem[^ Let us recall 
and reformulate the set up first. For simplicity of notation, up to a translation, we may assume 
that the hall considered in Lemma[^is centered at the origin. Define the energy functional 

(36) S^in) ^mnB\+ [ cPxn + ^ ff dxdy 

Jb 2JJbxB \x-y\ 

such that <p> 0 and A(p = 0 in fJ (note that by our assumption the nucleus is outside the ball). 
This is the local (in B) contribution to the total energy when the set O is fixed outside the ball. 
The optimality of Q then implies 

s^{n)<s^in') + Eo{\n\-\n'\) 

(37) 

for all o' such that |0'| < |0| and O'AO cc B. 


Here O'AO = (O' - O) u (O - O') is the symmetric difference between two sets. Note that we do 
not require that the volume |0' n iJ| equals to |0 n if| as we have the freedom to remove part of 
the mass from the ball B and put it far away from O and pay energy iiodOl -10'|) (as in Lemma]^. 
Our goal is to show that if the origin is in the optimal set O in the measure-theoretic sense of (^, 
the volume |0 n iJ| is at least a universal constant d > 0. 


Let us give a sketch of the proof here. The first step is to reduce by dilating the ball to Bj^ to 
the case that sup|V(^| is small and the volume inside is 1 as in Section 2.1 Then we consider 
the problem on a slightly smaller ball BRg for Rq e [if - so that we may assume that the 
intersection of Q and the boundary of that ball |L2 n dBjfg \ is at most 1. The proof is completed by 
considering separately the case that Q has a negligible volume inside Br^ (Section 2.2 and the 
case that |0 n BRg \ consists of a large fraction of |0| (Section 2.3 . In both cases, we compare the 
minimizer with sets obtained by local deformation inside the ball. 


2.1. Scaling argument. Let us start with the following lemma which states that the potential cj) 
cannot be too small if |V(/)| is large. 

Lemma 13. Let <p satisfy the equation 


(38) -A^- Anxn in Bz 
for some set Q and assume that (p>Q onBi. We then have 

(39) sup|V(^l < inf(/)-i-1. 


Proof. Define y/ as 

Jb 2 \x-y\ 

Then h-f-yr+lnis harmonic in B 2 and non-negative since 


i//(x) < 


f -dy< f —dy = 27t. 

Jb, |x-y| Jb, |y| 
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Using interior regularity for h in terms of 

supIViil < suph 

Bi B 312 

and then the Harnack’s inequality, i.e., 

sup h < inf h < inf h, 

B 3/2 Bl 

we obtain by definition of h 

sup|V(/)| < suplVhl + sup|Vi//| 
Bi Bi Bi 

< infh + supIVwl 

Bl Bi 

< inf0 + 27r + sup|Vi//'| 

^1 Bi 

< inf0+ C. 

Bi 


□ 


Defining for sets D.<z Br 

(40) <?^,fi(n) = |dnnfJfi|+[ dxdy, 

Jbr R 2 JJbrxBr \x-y\ 

we now show that it suffices to consider the following equivalent formulation of Lemma[^ 

Lemma 14. LetVL be a set with 0 e Q (in the sense of and |Q n fii;| = 1 that satisfies 

< s^,R{n')+R^Eo{R-Hm - m'D) 
for alio! such that\D,'\ < |0| audO'AOcc Br, 
where(p> 0, A0 = 0 audsup^^lVe/)! < 1/f?. Then we haveR< 1. 

We prove Lemma[^assuming Lemma[^ which in turn will be proved in the remaining of this 
section. 


Proof of Lemma^ Let M be a large universal constant that we wiU fix later, we will proceed in 
two cases depending whether supgj(^)|V(^;c| < M or not, where we recall that 

r 1 , ^ 

(px(y)= - (dz-—. 

Jn-Bi(x) ly-zl \y\ 

Without loss of generality, we may assume x = 0 (by a translation) and |Q n Bi | < 1, we also sim¬ 
plify the notation and denote <p- (p^. 

Case 1. supg^ 1V(/)| < M. In this case, we will dilate the ball Bi to a ball with large radius so 
that the dilated set has volume 1 inside. For this, we use a change of variable x ^ Rx, with R^ = 
l/|OnfJi|, and define 

O = {x I x/R E Q}; 

0(x) = ^pix/R). 

K 
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We have then 






In Win W 


c II dxdy = p(n), 

R^2jjBn^Bn \x-yl 


by the definition of S^p^R in (40) . Also it is easy to see that 

sup|V^|<M/if^ 

Br 

Without loss of generality, we may assume that M/R < 1 (as otherwise, lO n Bil = l/R^ > M~^, 

to n and 


which readily implies Lemma|^. Hence, we get supg^lV(^l < 1/i?. Applying Lemma 
(p, we obtain that f? < 1, and hence 

|nnBi|>l. 


14 


Case 2. sup^^ 1V(/)| > M. Lemma 13 then implies, by taking M sufficiently large, that 


(41) 


Co = infif) > sup|V(/)| - 1» 1. 

Bl Bi 


For r E [0,1), consider the competitor set Q' = L2 - Br', we have (as in Lemma]^ 

<g’<^(n)<^,^(n') + £’o(|0|-|o'i), 

which implies that 

|d(QnfJr)l + |L2niJrlinf(/)+- ff -dxdy^ZIOndiJrl + ^’odf^nfJrl)- 

Bl 2 JJ(nnBr)x(nnBr) lx-yj 

Since Liodf^n flrl) ^ Eo(nn Br), we arrive at 

|QnBrl< . f lOndBrI = J-IOndB,-!. 
inffij (p Co 


Using|nndBrl = ^|QnBrl, this yields 

IQnBrI < exp|-^-^Coj|OnBi|. 

Together with |Q n Bi | < 1, we obtain 

(42) |On Bl I < exp^-^Coj. 

Since by assumption, 0 e Q in the sense of (^, we have |Q n Bi | > 0, so that we may as in Case 1 
dilate the baU Bi to Br such that |0 n B/;! = 1. By j42) we have 

^sexp(^Co). 

For the dilated potential, we have 

~ 1 0 1 1 ( 1 ) 
sup|V(/)| < ^sup|V(^| “ ^Co < -Coexp[- —Co], 


so that Lemma|T4|is applicable for Co » 1 {i.e., M » 1), yielding B < 1 and thus |L2 n B 1 1 > 1. 


□ 
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To prove Lemma [T4| first observe that, while we do not have a priori control on |Q n dBR\, we 
have 


/ ' 


|On dBrldr = [nn < 1. 


It results that, there exists Rq^IR- 1, R] such that |0 n dBR^ 1^1- We will proceed with the proof 
of Lemma[^in two cases, depending on how much volume the set Cl n BRg has 
Case 1. IQ n BRg | < 1 /2, studied in Section 1 
Case 2. |Q n BRg 1 > 1 /2, studied in Section 


2.2 


and 


2.3 


Without loss of generality, we will always assume i?» 1 as otherwise, there is nothing to prove. 
2.2. Proof of Lemma[r4} Case [Qn BboI < 1/2. Since |Qn = 1, we have |Q n 5 1/2. 





Figure 3. The set Q in Br and the deformation acting on Q - Br+nn as in 
the proof of Lemma[T4| 

In this case, we will use a deformation Fx (see Figurej^ that stretches the annulus ^ into 
the annulus 3^ r a radially symmetric way: For a point (r, w) in the spherical coordinate. 
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re andweS^ 

(43) Fx[r,CD) = [fi[r),(jj) [r - X[R-r),LD). 


For the set after the deformation, we have the following result. It states that the deformation 
increases the volume of the set, without increasing too much the energy S’^p^R of the set. 


Proposition 15. LetEcAs^j^ be a set of finite perimeter, we have for A 1 


(44) 

(45) 

(46) 


\Fm\-\E\>A\E\; 

\dFx{E)nBR\-\dEnBR\<A[\dEnBR\-\EndBR\ + 4R-^\E\]; 

p?-ovided sup\V(p\ < — : f <p- f (</>+!); 

Bd R Jpre) Je Je 


and moreover, 


II 


(47) - 

2 \x-y\ 


— dxdy--ff -^—dxdy<A-ff -^—dxdy. 
-y\ 2jJExE\x-y\ 2jJExE\x-y\ 


Remark. The appearance of the good term -|ij n on the r.h.s. of (45) , together with the a 
priori estimate in Lemma[^below, will he crucial in the proof of Lemma[l4| 


Proof. We clearly have 


(48) 

(49) 

(50) 


\Fx{x)-x\<AR, 

|VF';i(x) - Id| < A, and thus 
\JFx-l\<^, 


where JF^ denotes the Jacobian of F\. Using the explicit form of Fi, we see 

JF^[x) = (1 + (1 + A)2(l - ^Af = 1 + ^A + 0{A^), 

so that 


(51) 


JF^-l>A. 


The estimates (44) , (46) , and (47) follow from the above properties of F, as we shall explain 
now. For the volume, we have 


|Fa(£)I - \E\ = f^(-^E;i(x] - 1) dx 5 A\E\. 
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Next for the potential term, we calculate 


JpxiE) Je Je 


cl){Fx{x))JFx(x) - (/)(x) dx 

= W) - (p{x))jF^{x] + (/)W(/Fa W - 1) dx 

< f SUplV(/)||F;i(x)-x||/F;i(x)| + </)(x)|/F;i(x)-l|dx 
Je 

PPPl r, . 

AJ |_Rsup|V(/)| + (/)j 


3 

<A 


£(1+0). 


where the last inequality uses sup| V0| < l/B. For the Coulomb repulsion term, we have 


(52) 


Ui 


1 


■dxdy 

2JJf;i(E)xF;i(E) Ix-yl 2 


IJL 


1 


ExE |F'a(JC) --FA(y)l 


}Fi{x)JFx{y) dxdy. 


Note that by mean value theorem, 

|x- y| < sup\VF-^\\Fx{x) - Fx{y)\ (1 + CA)\Fx{x) - Fx{y)\ 


for some universal constant C. Hence substituting this into (52) and using (50) , we obtain 

1 ff 1 .. 1 rr 1 ^. 1 rr i 

2 jjf 


— dxdy--ff -^—dxdy<A-ff 
-yl 2jjBx£|x-y| 2JJe! 


- dx dy. 


2 JJf;i(E)xF;i(E) lx-yl 2jJExElx-yl 2jJExElx-yl 

Finally, we consider the estimate for the perimeter, which is more subtle. Recall that (see 
e.g., Proposition 17.1]) if £ is a set of finite perimeter and G : IR” —► K" is a diffeomorphism, 
then G(E] is still a set of finite perimeter, with (in classical analysis, this is the area formula) 

VG(i;).^""^Ld*G(£) = (G)#[/G(VG"^oG)'‘vij^”"^Ld*£]. 


In particular, applying the above formula to G = Fa. we get 


|dFA(F)nRB|= f 
Jd* 


EhBr 


(l + A) 


fxilx D^j (fx(\x\]}2 

|x| 




dje\ 




where we write vf - (v^. VF,r) with vf,t parallel to the radial direction x- and A x and 
have used in the inequality for r < F, 


/A(t) ..F-r 

= 1-A-< 1. 


Using [v^l = 1 on d*F, we have further 

|dFA(F)nFfl|< f ((1 + A)2(1-v|,) + v| ) 
Jd-EnEn^ ' ’ ' 


1/2 




dje^ 


; f fl + 3A(l-v|^)]' 

f {l + 3Aa-\VE,r\)Y^d^^. 

Jd'EnBR^ ’ 
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Subtracting \dEnBR\, we arrive at 

\dF^{E]nBR\-\dEnBR\< f (l + 3A(l-1 

Jd'EnBRl'' ’ 


|</ l + 3A(l-|V£,r|) -1 

Jd-EnBRl^ ’ 

<Af l-\vE,r\d^^ = Ai\dEnBR\ - [ |v£,,|d^4 

Jd'EnBR V Jd’EnBR I 


v\j i_,i \ 

In order to relate to [i? n dBR\, recall the divergence theorem 

/ divr(jc)dx= I T-VEdJif^-f T-xdJ^^. 

Je Jd'EnBR JEndBR 

Applying this to T = x = |||, using that E c ^ stays away from the singularity at x = 0, we get 

f IVE,rldJif^>lf T-VEdJF^ 

Jd^EnBR \Jd*EnBR 

>\EndBR\-[ ^dx>\EndBR\-^\E\. 

JehEr \x\ R 

Substituting this into the previous inequality, we obtain the desired estimate for the perimeter. 
This concludes the proof of the proposition. □ 

To apply Proposition!^ the following a priori estimate will be useful. 

Lemma 16. Under the same assumption as in Lemma 14 we have 

(53) <?0,fi(n)-|QndBBl<l. 


Proof. The idea is to compare O to the set D' = D- Br, which however is not quite possible since 
it changes O near the boundary of Br. Thus, we “coat” O n dBR with a very thin layer and put the 
excessive volume at infinity, the optimality of Q together with Lemmaj^then give us 

S<P,r(^) - |On dBfll < R^Eo[R~^in n BrI) = R^Eo{R~^) < 1. 


□ 


We are now ready to prove Lemma[T4| The idea is to compare the minimizer with a competitor 
by taking away the miminizer in the annulus Ar-hi 2 ,r+hi 2 for t e [|i?, gi?] and h e (0,1]. The 
volume lost by cutting Vih] = |Q n Ar-hi 2 ,r+hi 2 \ is compensated by deforming El - B^+hn as in 
Proposition!^ The comparison then leads to a differential inequality for V{h], which gives a 
universal lower bound of the volume |On Ar-i/ 2 ,r+i/ 2 l for each r e [|J?, and hence an upper 
bound of the radius R. 

Proof of Lemma\T^ in the case \Elr\ BrJ < 1/2. We will show that 

(54) |OnAr-i/2,r+i/2l>l, for r E !^J?, ^i?]. 

4 8 

This in turn gives an upper bound on R as 

n ^ L |f^n^r-l/2,r+l/2ldr < |OnBi;| - 1. 

8 Jfi? 

Therefore, it suffices to show 
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Fixing re [|i?, and taking h e (0,1], we denote 

V{h) = |Q n Ar-hl2,r+hl2\- 

We now compare the set Q with D.' given hy (see Figure]^ 

n' = FxiO. - Br+hl2) 

for A chosen such that 

|F;i(0-_Br+;z/2)l - \^-Br+hl2\ - Ar-hl2,r+hl2\ - V[h), 

so that the volume of the competitor is the same as of Q - B^-hn- Since we may without loss of 
generality assume that 

(55) V{h)« 1, 

and since ID - Br+hi 2 \ - > 1/2, this is possible hy Proposition[^and we have 

(56) A<V[h). 

Using again Proposition[^ we thus obtain 

m'nBRl- |d(0 - Br+hi 2 ) n Bfll < A(|d(0 - Br+nn) nBR\-\D.ndBR\ + 4R-^) 

< A(|dO n Bfil - 10 n + in n dBr+nnl + 

f (p- f (P<^[ (</>+!): 

- ff -^—dxdy--ff -^—dxdy<A-ff -^—dxdy. 

2 JJn'xn'lx-yj 2 JJ(n-Br+;,/ 2 )x(n--Br+w 2 ) l^“ FI 2jJnxnlx-yl 

Adding up, we obtain 

(57) S^,R[n'}-S^,R(n-Br+h/2}<Ml+S<f,,Ji(^)-l^ndBRl + inndBr+h/2l}<Ml + inndBr+h/2l} 


where in the second inequality, we have used S^^r{D.) - |n n dBR\ < 1 from Lemma 16 By the 
optimality of O, we have 

(58) ^^,i;(n) < s^,R{n') + R^EQ{R-H\n\ - m'D) = s^,Rin') + R^Eo{R-^\n n Br.hi 2 \)- 
Furthermore, by the definition of S^p^R and since <p> 0 in Br, we get 

(59) <o 0 ,i}(O) >Sij,^R{D.-Br+hl 2 ) + Sij,,R{D.nBr-hl 2 ) 

+ |dn n Af—}ij2,r+h!2 1 ~ |nn dBj-—fi/2\ ~ |nn dBf^i^i2\, 

and also 

(60) i?^£’o(l^~^|nn Br-; 2 / 2 l) - Scp^RiCln Br-hl2)- 
Combining together the above four inequalities (57)-i60), we arrive at 

|dnn Ar-/ 2 / 2 ,r+/ 2 / 2 l - |nn dBr-ft/ 2 l + inn d_Br+/!/ 2 l + CA(1 + inn d_Br+;,/ 2 l)- 
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Therefore, 

\d{D.n Ar-hl2,r+hl2)\ - Ar-hl2,r+hl2\ + PI 5_Br-ft/2l + \^^dBy+hl2\ 
< [On + \^<^dBr+hl2\ + 

Using the isoperimetric inequality, we have 

|5(nn Alr-/i/2,r+/2/2)l ^ ■^r-hl2,r+hl2f^^ - 

Hence, combined with {56) , we get 

1 HH 

V\h) = |Q n dBr-hi 2 \ + m n dBr+nnl ^ ^ - CoV[h) ^ V{hf'\ 

t>o 

Thus for V{h)<l the above inequality yields 

V'[h)>V[hf'^, or equivalently (U(h)i'^)'> 1, 


where we have used that V[h)>0 for any h > 0, as otherwise, D,nBr (which is non-empty as 0 e O) 
is disconnected with the rest of the set, which is impossible as the optimal O has to be connected 
inside Br by a similar argument as in the proof of Lemma The last inequality implies the 
desired l |5^ by integration. □ 


14 


under the additional 


2.3. Proof of Lemma [14} Case |Q n Br^^ | > 1/2. After a suitable dilation by a factor of most two 
such that the volume QnBRg expands to 1, it suffices to prove Lemma 
assumption that |0 n < 1. 

and |0 n dBRl < 1, we have 


16 


Let O be the optimal set, using Lemma 
(61) <f^,fi(0) < (S^,R[n)-inndBRl} -tlOndBfll < 1, 


which, using the definition of §ip^R we upgrade to 

(62) |d(nn Bi;)| < IdO nBR\ + \nndBR\< S^^r{Q.) + \nndBR\< 1. 

Let us now show that we can find a ball of radius 1 inside Br such that the optimal set has a 
non-trivial amount of volume inside the ball, as stated in the following lemma. 


Lemma 17. There exists a ball Be Br of radius 1 such that 

|nnB|>l, |B-0|>1, and |dOnB|<L 


Proof. The latter two requirements are satisfied by any choice of B, since |iJ-Q|>|il|-|QniJi;|> 
lUil - 1 as |0 n Br\ - 1, and |dD n iJ| < |d(Q n Br] \ < 1. Hence, it suffices to find a ball such that 
the first requirement |Q n HI > 1 is satisfied. 

Consider a smooth symmetric convolution kernel cps of support in Bg with d « 1 to be deter¬ 
mined. Note that for % = XnnBn 

f |(P5*I-ll<d[lVxl<d|d(OnHfi)|<5. 

JBj! J 

We choose 6 sufficiently small such that 



*X-X\ < 1/2. 


(63) 
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This implies that at some point x e Br, we have {(pg * jKx) > 1/2. Since otherwise, if supcpg * X- 
1/2, we would have 



which contradicts (63) . It follows then Bi (x) is a haU satisfying all the conditions. □ 


We now deform the set inside fJ in a way that the perimeter increases not more than propor¬ 
tionally to the increase of the volume. This is a crucial proposition which plays the same role as 
Proposition[^in Section [2^ Actually, the remainder of the proof of Lemma[^is similar to that 
in Sectionafter Propositionj^ Instead of deforming the set O - B^+hiit we deform the set 
O n B given in Lemma [Tt] to compensate for the volume in |0 n Ar-/i/ 2 ,r+/ 2 / 2 l- We will omit the 
details, as the arguments are parallel. 


Proposition 18. Suppose we are given a setD. and a radius-l ball B with 


|nnB|>l, |B-0|>1, and |dOnB|<l. 


Then for every A « 1, there exists a set D.' with Q,'ATI ccz B and 

(64) 

(65) |dO'nB|-|dnnBl< A; 

( 66 ) 


(67) 


f cp-f </)< a ( i + f </.); 

Jn' Jn [ Jn / 

- ff -^—dxdy--ff -^—dxdy<A-ff -^—dxdy. 
2 JJn'xn'lx-yl 2jjnxn|x-y| 2jjnxn|x-y| 


The proof of Propositionfl^follows a similar argument as the proof of Proposition[^ Instead 
of using an explicit formula to define F;^, the deformation (x) in the current case is given by the 
solution map generated by a vector field 

d 


dA 


FoM^x, 


where the vector field is constructed by the following lemma. 


Lemma 19. Under the assumptions of Proposition^^ there exists compactly supported 

such that 

£v-f=l and llfllc2(B)<l- 

Let us first prove the proposition assuming Lemma[T9| 

Proof of Propositional^ We take O' = Li(0) for the deformation Fx constructed above. Using 
II ^11 < 1 from Lemma[T^ we have for x e O 

(68) |F;i(x)-x|<A, \S/Fxlx]-ld\<A, and |/F;i(x) -1| < A. 

Thus, the estimates (66) and {67} follow from similar calculations in the proof of Proposition[T5| 
The perimeter estimate is in fact more straightforward now as |d(0 n B)| < 1, and hence we will 
omit the details. 
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For the volume, note that by Liouville’s formula and Lemma[^ we have 

i 


/ JPuMdx^ I (V-0(FAM]m(x]dx. 

n 


dA 


dA. 


A 

Jr. 


Since V • ^ = 1 from Lemma 
d 


19 


we have 


dA 


|fA(n)|-l 


/ 


= {V^i){Fx{x)]JF^{x)dx- (V.a(x)dx 


/ 

Jn 


dx 


< I £ (V • a (X) (/Fa (X) - 1) dx I + I £ ( (V • a (Fa (X)) - (V • a (X)) (X) 

^ U\\chB)jjJPA - ll + liaic^(B)|^|FA(x) - x||/Fa(x)| dx 

^ A iiaic2(B) ^ 

where the last inequality follows from II ai 0 ^( 5 ) ^ 1- Hence, we arrive at the estimate (64l as 

in'l - |Q| = |FA(n)| - |Q| = ^|F;idn)|dA' > A. 

Jo dA' 


□ 


We conclude this section by proving Lemma 
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Proof of LemmalT^ For d « 1 to be fixed later consider 

• a smooth radial cut-off function rjs of Bis in B; 

• a smooth symmetric convolution kernel qjg of support in Bg. 

Let / denote the spatial average of / on B. Let x denote the characteristic function of Q, for 
simplicity. 

Solve the Neumann problem 


(69) 

(70) 


2 

ilx\ 


x-^ 


1 % ll 


v-Wv-O 


inB, 
on dB. 


Note that it is solvable because the r.h.s. has average zero on and is compactly supported in 
B. We set 


i^-risVv 


and note that ^ is smooth uniformly in x for fixed 5 > 0. 


More precisely, since Pg IX - ^ 

^5 


IS 


bounded in uniformly in x, the r.h.s. (ps * 



of i69l is bounded in any norm uni¬ 


formly in X- Therefore, by elliptic regularity theory v and thus f is bounded in any norm, in 
particular || • || q 2 uniformly in x for fixed d > 0. 

Hence, it is enough to show 



1 

— min 


{IF n 0|, IF - Q|} - Cd|F n dO| - Cd 


1/2 
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Indeed, 


= risX^v- f x^iJs-Vv 
Jn Jb Jb Jb 


i 


- L^s\x 


TJ^ Y ' 

- L^s\x-^ 
% 

We consider the first term and note 


Vs * (7?5l)- I |V775-Vy| 


b 


i 


i 


VsX- I \Vs*ir]sX)-VsX\- | IVryg-Vyl. 


b 


L 


vl\x- 


TfsX ^ 


VSX = -1) ^ 1^1-5 n 0 ||Bi- 5 - n| 

% 

> ^(|Bnn|-Cd)(|B-0|-Cd)> ^min{|Bnn|,15-n|}-C5. 


We now treat the second term: 


JjVs * iVsX'>-VsX\b,S J |V(775x) 1 <d(|Bndn| + 1 ). 


We finally address the last term: We note that the r.h.s. of {69) is hounded in uniformly in S 
and %. By -regularity, this implies 

f \Sl'^vf<\. 

JB 

In view of the boundary condition (70), this implies by Hardy’s inequality 


f - - —^|jc-Vy|2dx< 1. 


Since rjg is radially symmetric: 

f IVr75-Vyl<i f 
Jb o Jb-Bi_ 


lx-Vi/ldx 


< - 
8 


^ [ f {l-\x\)^dx [ - ^ —-Ix-Vyl^dx 

S[Jb-b,J (1 - | x |)2 ' 


1/2 


5 


The proof is concluded by combining the above estimates. 


□ 


3. Proof OF Theorem!!] 


We now prove Theorem]^ It is more convenient to rescale the problem such that we consider 
sets with volume equal to a unit ball. 

(71) Evz{n):=\dn\ +-- ff ——dxdy-zf—dx. 

|Bi|2jjnxn|x-y| Jn |x| 

The key element of the proof is the version of the quantitative isoperimetric inequality fTI|: 
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Lemma 20. There exists a universal constant cisop such that V n c with volume |Q| = |_Bi |, 
(72) 

where jiP.) is defined as 


|50|-|a_Bi| > CisopjiO.) 

r(n):= f ^dx- [ p 
Jbi |x| Jn \x 


x| 


Proof of Theorem^ Define 


1 


\x\ 


It is clear that w is a superharmonic function in Bi. Note that we have 

(73) u(0]= f ^dx- f ;^dx = 7(0), 

JBi \x\ Jn |x| 

and also 


(74) 


ff ^ dxdy- ff ^ dxdy< ff p^^(lBi(y)-In(y))dxdy 

JjBixBi |x-y| JJnxnIx-yl JJr^xr^ |x-y| 


= / u< |Bi|u(0), 

Jbi 

where the last inequality follows as u is superharmonic in Bi. 

Nowif F - Z < Cisop, we have for any O c that |Q1 = 

Ev,z[Bi) - Ev,z{n) < IdBi| - |dn| + (F - Z) u(0) 

^ -Cisopr(^^) + (F- z)7(n) < 0, 

where the first inequality follows from (73) and (74) and the second follows from Lemma 20 This 
concludes the proof that the optimal set Q must be the ball Bi. □ 
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